In this paper, the complete algebraic structure of finite semisimple group algebra of a normally monomial group is described. The main result is illustrated by computing the explicit Wedderburn decomposition of finite semisimple group algebras of various normally monomial groups. The automorphism groups of these group algebras are also determined.
Introduction
Let F q denote the field containing q elements and let G be a finite group of order relatively prime to q, so that the group algebra F q G is semisimple. The knowledge of the algebraic structure of F q G has applications in coding theory and is useful in describing the automorphism group as well as the unit group of F q G. This has attracted the attention of several authors [1, 2, 3, 8, 9, 11, 17, 18, 22] .
Broche et al. [11] gave description of semisimple group algbra F q G, when G is an abelian-by-supersolvable group, by computing its primitive central idempotents and the corresponding simple components, in terms of subgroups of G. Basing on the work in [4] and [11] , a more precise description of F q G, where G is a finite metabelian group, has been given by Bakshi et al. in a series of papers [1, 2, 3] .
The present paper is a contribution to the work in same series. Recall that a group G is called normally monomial, if every irreducible character of G is normally monomial, i.e., induced from a linear character of a normal subgroup of G. We provide a complete set of primitive central idempotents and the Wedderburn decomposition of F q G, when G is a finite normally monomial group.
Since metabelian groups are normally monomial [10] , this generalises the main result of [3] . It may be remarked that normally monomial groups form a substantial class of monomial groups [7] and the rational group algebra of this class of groups has been studied [5] .
The main result is given in Section 2, after setting up necessary notation and preliminaries and is illustrated on a family of metabelian groups. In Section 3, we give applications of the main result on certain p-groups, which include a family of non-metabelian but normally monomial groups of order p 7 , p prime, p ≥ 5. It may be pointed out that for most of these group algebras, the GAP package Wedderga [12] practically fails to compute the Wedderburn decomposition. Further, we provide the explicit structure of F q G, for any group G of order p n , p prime, n < 5. For these groups, the group Aut(F q G) of F q -automorphisms of F q G has also been computed.
Notation
Throughout the paper, G denotes a finite group, and F q G denotes the group algebra of G over the field F q containing q elements, q relatively prime to the order |G| of G. The notation used are mostly standard and are listed for the ease of reader.
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Strong Shoda pairs and idempotents
k∈K k and L runs over the normal subgroups of K which are minimal over the normal subgroups of K containing H properly. Set e(G, K, H) to be the sum of distinct G-conjugates of ε(K, H). A strong Shoda pair [21] of G is a pair (K, H) of subgroups of G with the property that (i) H K N G (H); (ii) K/H is cyclic and a maximal abelian subgroup of N G (H)/H; (iii) the distinct G-conjugates of ε(K, H) are mutually orthogonal.
Two strong Shoda pairs (K 1 , H 1 ) and (K 2 , H 2 ) are said to be equivalent, if e(G, K 1 , H 1 ) = e(G, K 2 , H 2 ) and a complete set of representatives from distinct equivalence classes of strong Shoda pairs of G is called a complete irredundant set of strong Shoda pairs of G.
We recall the algorithm to compute a complete irredundant set of strong Shoda pairs of a finite normally monomial group G, as described in [5] .
Let N be the set of all normal subgroups of G and for N ∈ N , let A N be a normal subgroup of G containing N such that A N /N is an abelian normal subgroup of maximal order in G/N. Note that the choice of A N is not unique. However, we need to fix one such A N . For a fixed A N , set T N : a set of representatives of D N under the equivalence relation defined by conjugacy of subgroups in G.
It thus follows that if N ∈ N is such that G/N is abelian, then
Observe that every pair (A, D) ∈ S(G), where
is a strong Shoda pair of G. It has been proved ( [5] , Corollary 1) that S(G) is a complete irredundant set of strong Shoda pairs of G, if G is a finite normally monomial group.
Remark 1.
A crucial observation in the above algorithm to compute S(G), for a given finite group G, is that the choice of A N is irrelevant. For N ∈ N , let A N is equivalent to a pair in S N and vice-versa. This is because, if (A
N and ψ is a complex linear character of A 
N , D (1) ). This gives that (A N , D) is equivalent to (A
N , D (1) ). The reverse conclusion holds similarly.
For a strong Shoda pair (K, H) of G, let C(K/H) denote the set of q-cyclotomic cosets of Irr(K/H) containing its generators, i.e., if χ is a generator of Irr(K/H), then an element C of C(K/H) containing χ is the set {χ, χ q , . . . , χ q o−1 }, where n = |K/H| and o = o n (q), the order of q modulo n. Suppose that N G (H) acts on C(K/H) by conjugation, i.e., for g ∈ N G (H), C ∈ C(K/H) and χ ∈ C, we define
of distinct orbits of C(K/H) and let E G (K/H) be the stabilizer of any C ∈ C(K/H) under the above action. It is easy to see that
where g denotes the image of g in K/H, ζ n a primitive n th root of unity in F q and tr := tr Fq(ζn)/Fq denotes the trace of the field extension
. Broche and Rio [11] proved
and
where
Main theorem
The following theorem gives a complete set of primitive central idempotents of finite semisimple group algebra F q G, when G is a normally monomial group. Consequently, the complete algebraic structure of F q G is obtained.
Theorem 1 Let F q be a finite field with q elements and let G be a finite group. Suppose that gcd(q, |G|) = 1. Then,
is a complete set of primitive central idempotents of F q G if, and only if, G is normally monomial.
In order to prove the above theorem, we need the following lemmas:
, Lemma 1) Let F q be a finite field with q elements and let G be a finite group. Suppose that gcd(q, |G|) = 1. Let ψ be a linear character of a normal Proof. By assumption, χ = β G for some linear character β of a normal subgroup B of G. As B ′ ⊆ core G (ker(β)) = ker(χ) = 1 , we get that B is abelian and hence 
Proof of Theorem 1. Assume first that E is a complete set of primitive central idempotents of
χ is induced from a linear character σ • ψ of a normal subgroup A of G. Thus, G is normally monomial.
where ψ is a linear character of some normal subgroup K of G with kernel H. Now, ker(χ) = core G (H) = N(say). Let χ be the corresponding character of G/N. It follows from Lemma 2 that
for some linear character η of A N /N, where A N /N is an abelian normal subgroup of maximal order in G/N. Let ker(η) = L/N and let η : A N → F q be given by η(g) = η(gN), g ∈ A N . We have, by Eq. (2.5), χ = η G , and therefore, by Lemma 1, it follows that e Fq (χ) = e Fq (η
Consequently, e Fq (χ) ∈ E. Moreover, it is easy to check that all elements in E are distinct and hence, E is a complete set of primitive central idempotents of F q G.
It thus follows from Theorem 1 and Eq. (2.4) that if G is normally monomial, then
An illustration
We first illustrate the results of Theorem 1 on a family of metabelian groups of order 2sp 2 , p an odd prime and s ≥ 1. The structure of the rational group algebra of this family has been described in [5] . We undertake the case of finite semisimple group algebra for these groups.
Theorem 2 Let G be a group generated by a, b, x, y satisfying a 
;
(ii) If s is even, then
,
s d
|f } and
is odd and, 
}, where λ is generator of the multiplicative group of reduced residue classes modulo p.
(
We tabulate the computations of parameters involved in applying Theorem 1.
Consequently, Theorem 2 follows using Eq. (2.6).
3 Applications on p-groups 3.1 A family of normally monomial groups of order p
7
We now illustrate the main result of this paper on a normally monomial group of order p 7 , p a prime, p ≥ 5, which is not metabelian.
Theorem 3 Let p ≥ 5 be a prime and let G be the group generated by a, b, c, d, s, r with the following defining relations:
Then,
where f = o p (q).
Proof. Let G be as in statement of the theorem. How [16] proved that G is a normally monomial group, which is not metabelian. We find S(G) to write the Wedderburn decomposition of F q G.
First of all, we compute the set N of normal subgroups of G. For this, we begin by observing that if 1 = N ∈ N , then
Proceeding similarly, we obtain that if [a, b] ∈ N, then g = 1, which contradicts the assumption and proves (3.1).
We next check that if a ∈ N, then
In view of (3.1), we already have that either N = [a, b] or there exists an element
, where 0 ≤ α, β, γ, δ, ρ, ζ < p. Observe that
Continuing in this manner, repeated conjugacy by s implies δ = γ = β = 0, if a ∈ N and g = a α r ρ , ρ = 0.
Thus, (3.2) follows.
Next, assume a ∈ N, so that a, b −1 ab (∈ N ) ≤ N, i.e., we look for normal subgroups N of G containing a, b −1 ab , which are in one-one correspondence with the normal subgroups N of G := G/ a, b −1 ab . Proceeding as previously, we see Continuing this process, the set of normal subgroups of G, is obtained as
i , G
i , G 
or N 3 , then G/N is abelian and hence, by Eq. (2.1), we have
Further, if N = N 0 is such that G/N is not abelian, then N 1 /N is abelian. Consequently,
Also, it is easy to observe that
serves the purpose.
Since N = N 1 ∪ N 2 ∪ N 3 ∪ N 4 , in view of (3.5)-(3.7), we need to find T N , when N ∈ N 3 ∪ N 4 . We first take up the case when N ∈ N 4 , i.e., N = N 0 = 1 .
In this case, since
0 is an abelian p-group, the set C 0 of subgroups of A N 0 , which give cyclic quotient can be computed using the algorithm given in Section 5 of [10] and is as follows:
where H 
It turns out that all subgroups of D N 0 are G-conjugates and hence
For ease of the reader, we list the conjugating element g ∈ G such that
for every H ∈ D N 0 .
• H •
Finally, we proceed to find S N , when N ∈ N 3 . For this, we find the set C 1 of subgroups of A := N 1 = a, b, c, d, r ( see (3.6)) which give cyclic quotient, so that
for some 0 ≤ γ, ρ, δ < p. This, along with (3.1) and order considerations yield
Iterating in the above manner, we obtain 
We now omit the details for the remaining part and enlist the set T N , when
i , 0 ≤ i < p.
•
In view of (2.2) and Eq. (2.6), the information gathered above yields the complete set of strong Shoda pairs of G, and their respective simple components, as tabulated below:
Hence, the desired result is obtained.
Remarks. Let G be as in statement of Theorem 3. Then, by the irredundant set of strong Shoda pairs of G, obtained in Theorem 3 and ( [5] , Corollary 1), it follows
A complete irredundant set of strong Shoda pairs of G for the case when p = 5 has been computed in [5] , using GAP [14] , to find the Wedderburn Decomposition of the rational group algebra QG. However, it may be pointed out that GAP that determines a complete irredundant set of strong Shoda pairs of G and the function PrimitiveCentralIdempotentsByStrongSP(FG); that computes the set of primitive central idempotents of semisimple group algebra FG. For the case when F = Q, these functions are based on the search algorithms provided by Olivieri and del Río [20] . Based on the work in [5] , alternative and more efficient algorithms have been given in [7] . Analogously, in view of Theorem 1, improved algorithms can be written and implemented in GAP, for the case when F is a finite field.
3.2 Groups of order p n , p prime, n < 5
The groups of order p n , p prime, n < 5 are metabelian and hence normally monomial. Therefore, by applying Theorem 1, we now give the explicit structure of F q G, and its automorphism group when G is a group of order p n , p prime, n < 5. The Wedderburn decomposition of F q G, when G is abelian is well known [11] and the automorphism group in this case can be computed as in ( [1] , Theorem 4). We therefore restrict to the case when G is non-abelian. In fact,
Groups of order p
and it follows from ([1], Theorem 5) that Then,
Theorem 5 The Wedderburn decomposition of F q H i , 1 ≤ i ≤ 9, is as follows:
.
Observe that these subgroups are normal in
In order to find S N 0 , we see that a is a maximal abelian subgroup of H 1 . Further, the only subgroup D of a satisfying core G (D) = 1 is D = 1 . This gives S N 0 = {( a , 1 )}. Define
It follows from Eqs. (2.3)-(2.4) that
, is a direct summand of F q G and has same F q -dimension as F q G. This yields that if N is the set of all normal subgroups of H 1 , then S N = φ, if N ∈ N 1 , i.e., S(H 1 ) = N ∈N 1 S N and
q ≡ 1, 5 (mod 8)
M 2 (F q 2 ) q ≡ 3, 7 (mod 8)
(ii)-(ix) For 2 ≤ i ≤ 9, consider the following set N i of normal subgroups of H i : Theorem 6 The Wedderburn decomposition of F q G i , 1 ≤ i ≤ 10, is as follows: 
M p (F q f p ) (e) ; 
